Revisiting the Greenberger-Horne-Zeilinger argument in terms of its
  logical structure, orthogonality, and probabilities by Svozil, Karl
ar
X
iv
:2
00
6.
14
62
3v
1 
 [q
ua
nt-
ph
]  
25
 Ju
n 2
02
0
Revisiting the Greenberger-Horne-Zeilinger argument in terms of its logical structure,
orthogonality, and probabilities
Karl Svozil∗
Institute for Theoretical Physics, Vienna University of Technology, Wiedner Hauptstrasse 8-10/136, 1040 Vienna, Austria
(Dated: June 29, 2020)
The Greenberger-Horne-Zeilinger argument against non-contextual local hidden variables is recast in quan-
tum logical terms of fundamental propositions and probabilities. Unlike Kochen-Specker- and Hardy-like con-
figurations this operator based argument proceeds within a single context.
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This is in continuation of an ongoing effort [1, 2] to
transcribe and (de)construct well-known arguments from the
foundations of quantum mechanics into a logico-algebraic
context. One objective is to obtain insights into structural
properties of the arguments, as well as transparent and effec-
tive presentations and derivations of the predictions and prob-
abilities supported by the respective configurations.
In 1989 Greenberger, Horne and Anton Zeilinger [3], later
with Shimony suggested [4] an argument that is nowadays
called Greenberger-Horne-Zeilinger (GHZ) argument. (I still
vividly remember that before that Zeilinger had suggested to
me to pursue “a three-particle analog of the Bell-type two-
particle setup” but I had cordially abstained.) Immediately
afterwards Mermin gave a uniform presentation of the GHZ
argument [5, 6] that can readily be rewritten in terms of the
underlying elementary propositions, a task which is pursued
here. Zeilinger’s Vienna group empirically confirmed all of
these quantum predictions [7, 8].
In distinction from the original Kochen-Specker (KS) argu-
ment [9] which uses elementary propositions. – Note that any
such dichotomic observable can be encoded as a vector |a〉
spanning a one-dimensional subspace of the Hilbert space,
and which is equivalent to the orthogonal projection opera-
tor |a〉〈a| projecting the Hilbert space onto this subspace. In
contradistinction, the GHZ argument is operator-based [10],
that is, it allows observables and their associated operators to
be functions containing such orthogonal projection operators,
which should be understood in terms of their spectral forms.
(Functions of normal operators can be defined by their spectral
form [11, § 82, p. 165-169].) We shall also find that, whereas
the KS argument involves many intricately intertwining con-
texts, the GHZ argument uses a single isolated context.
We shall use (orthogonality) hypergraphs introduced by
Greechie [12, p. 120] that depict contexts as smooth lines [13–
18]. Thereby the term hypergraph should be understood in the
broadest possible consistent sense.
The classical Shimony-Mermin form [4, 5, 19] of the GHZ
argument employs four contexts. Let us first give a brief ac-
count of the classical predictions.
Suppose one is dealing with classical objects, such as gen-
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eralized urn models [20] or finite automata [21, 22] which
nevertheless encode (a classical form of) complementar-
ity. Alternatively one might think of just classical objects
which can have two dichotomic properties, namely (we stick
with Hardy’s original nomenclature introduced in a different
Gedankenexperiment [2, 23]) the dichotomic observables
C ∈ {c,d}, and U ∈ {u,v}, (1)
where u and v as well as c and d are the states corresponding
to outcomes of measurements of U and C, respectively.
Suppose further that one is considering three such objects;
eg, one is drawing three balls from a generalized urn. Now
one considers four types of measurements on the first, second
and third ball:
[C,C,U] , [C,U,C] , [U,C,C] , and [U,U,U] . (2)
Figure 1 represents the eight possibilities, cases or instantia-
tions per type of measurement (enumerated in lexicographic
order; for brevity we shall write “ABC” for the ordered triple
“[A,B,C]”, as well as “abc” for the ordered triple “[a,b,c]”)
CCCUcGHZ = {ccu,ccv,cdu,cdv,dcu,dcv,ddu,ddv},
CCUCcGHZ = {cuc,cud,cvc,cvd,duc,dud,dvc,dvd},
CUCCcGHZ = {ucc,ucd,udc,udd,vcc,vcd,vdc,vdd}, and
CUUUcGHZ = {uuu,uuv,uvu,uvv,vuu,vuv,vvu,vvv}.
(3)
which, bundeled together, will be identified with the four clas-
sical GHZ contexts{
CCCUcGHZ,C
CUC
cGHZ,C
UCC
cGHZ,C
UUU
cGHZ
}
. (4)
Furthermore, suppose that c, d, u and v are real non-
vanishing numbers and multiply the outcomes, such that
[a,b,c] = a× b× c. Multiplication of the observables in the
four contexts results in a bound from below:
(CCU)(CUC)(UCC)(UUU) = (UC)6 > 0. (5)
In particular, if one identifies u = c= 1 and v= d = −1 then
[(UC)3]2 = 1. This classical prediction rests upon a parity ar-
gument: any square, indeed any even exponent, of a non-zero
real number is positive. Note also that, by taking the prod-
uct of the first three terms , one obtains C6U3 = U3. This
2ccu ccv cdu cdv dcu dcv ddu ddv
cuc cvc cud cvd duc dvc dud dvd
ucc vcc ucd vcd udc vdc udd vdd
uuu uuv uvu uvv vuu vuv vvu vvv
FIG. 1. Hypergraphs representing the classical GHZ contexts.
should always be identical to the last term in (5), which is
UUU. Because, according to the classical assumption of non-
contextuality – that is, independence of the observed value of
U on whatever other observables are measured simultaneous-
lly alongside it – as well as value definiteness, it should not
make any difference in which of the four contexts in (5) U is
measured. This, as well as the equivalent bound from below
in (5), are the classical predictions.
The classical probabilities of this configuration are the con-
vex summations of 43 extremal cases from the 4 individual
cases {cu,cv,du,dv} per one of the three particles. If in-
terpreted geometrically these 43 vertices in six-dimensional
space, as well as their equivalent representation in terms of in-
equalities of the hull of the convex polytope spanned by them,
has been enumerated in the context of three-partite correla-
tions [24]. In all 43 classical cases, and for all classical prob-
ability distributions constructed from them, prediction (5) is
satisfied.
Note that even the classical GHZ contexts are isolated from
each other and do not “communicate” via common intertwine
observables. In this aspect they differ from other arguments
involving gadgets of intertwining atomic propositions: these
latter constructions ultimately yield KS configurations (such
as, for instance, Γ3 in Ref. [9] or the four-dimensional con-
figuration with 18 elementary propositions in 9 contexts [25])
allowing no classical truth assignments, as compared to the
43 truth assignments of the GHZ case. But in this respect, the
configuration is similar to Bell-Einstein-Podolsky-Rosen-type
cases such as the Clauser-Hone-Shimony-Holt configuration
which operates with two two-state particles and thus with four
four-atomic contexts.
Let us now turn to quantum mechanical predictions of
quantum doubles of the classical configuration of contexts in-
troduced earlier. By a quantum realization we mean the iden-
tification of the observables U and C with self-adjoint oper-
ators; in particular, with two-times-two Hermitian matrices.
The outcomes of these observables are associated with the re-
spective eigenvalues and eigenvectors. Furthermore, to pre-
dict, we need pure (since we shall not consider mixed) states
which are constructed from normalized vectors. For historic
and empirical reasons – for instance the experimental real-
izations in terms of spin- 1
2
particles – particular quantum re-
alizations are often written in terms of Pauli spin matrices;
hence we shall follow this approach. The general form of
the Pauli spin matrices in spherical coordinates is given by
σ(θ ,ϕ) =
(
cosθ e−iϕ sinθ
eiϕ sinθ −cosθ
)
, where θ is the polar an-
gle in the x–z-plane from the z-axis with 0 ≤ θ ≤ pi , and ϕi
is the azimuthal angle in the x–y-plane from the x-axis with
0 ≤ ϕ < 2pi . The usual form of the Pauli spin matrices is re-
covered by identifying
σx = σ(
pi
2
,0) =
(
0 1
1 0
)
,
σy = σ(
pi
2
,
pi
2
) =
(
0 −i
i 0
)
, and
σz = σ(0,0) =
(
1 0
0 −1
)
.
(6)
Our Ansatz will be the following identification with the
classical observables introduced in (1):
C≡ σy,U≡ σx, and a state
|ΨGHZ〉〈ΨGHZ| derived from the criterion of discord.
(7)
As we shall see, the quantum part of the GHZ argument op-
erates with a single context. This context can be obtained by
considering the spectral forms of the following four mutually
commuting products of operators:
σyσyσx, σyσxσy, σxσyσy, and σxσxσx. (8)
Because of mutual commutativity the spectral forms may all
contain the same eight common orthogonal projection opera-
tors associated with the common eigenstates of the operators
in (8). (The situation is a little bit involved because of the
degeneracy of the eigenvalues.)
For the sake of contradicting the classical prediction (5) we
shall desire – and thereby design a “suitable” |ΨGHZ〉 state
which will turn out to be one of the eigenstates of any of the
operators in (8) – for which
σyσyσx|ΨGHZ〉=±|ΨGHZ〉,
σyσxσy|ΨGHZ〉=±|ΨGHZ〉,
σxσyσy|ΨGHZ〉=±|ΨGHZ〉, and
σxσxσx|ΨGHZ〉=∓|ΨGHZ〉.
(9)
Because in this case the product of the eigenvalues (±1)3(∓1)
becomes negative, and we have obtained a complete contra-
diction with the classical prediction (5), as desired.
So, what exactly and explicitly is |ΨGHZ〉, and how can we
find it? In order to answer this question let us begin with
enumerating the eigensystem of σz = σ(0,0): first, denote
those eigenvectors by (the symbol “⊺” indicates transposition)
|+〉 ≡ (1,0)⊺ and |−〉 ≡ (0,1)⊺ corresponding to the eigen-
values +1 and −1, respectively. With this we obtain the eight
3TABLE I. Eigenvalues associated with eigenvectors for the four con-
texts σyσyσx, σyσxσy, σxσyσy, and σxσxσx in Eq. (8).
σyσyσx σyσxσy σxσyσy σxσxσx
|+++〉+ |−−−〉 - - - +
|+++〉− |−−−〉 + + + -
|++−〉+ |−−+〉 - + + +
|++−〉−|−−+〉 + - - -
|+−+〉+ |−+−〉 + - + +
|+−+〉− |−+−〉 - + - -
|+−−〉+ |−++〉 + + - +
|+−−〉−|−++〉 - - + -
(mutually orthogonal) eigenvectors of σzσzσz as
|+++〉= (1,0,0,0,0,0,0,0)⊺ ,
|++−〉= (0,1,0,0,0,0,0,0)⊺ ,
|+−+〉= (0,0,1,0,0,0,0,0)⊺ ,
|+−−〉= (0,0,0,1,0,0,0,0)⊺ ,
|−++〉= (0,0,0,0,1,0,0,0)⊺ ,
|−+−〉= (0,0,0,0,0,1,0,0)⊺ ,
|−−+〉= (0,0,0,0,0,0,1,0)⊺ ,
|−−−〉= (0,0,0,0,0,0,0,1)⊺ .
(10)
Those eigenvectors of σzσzσz, through coherent superposition
of two of them, can be used to construct the eight eigenvectors
of the four contexts σyσyσx , σyσxσy, σxσyσy, and σxσxσx
|e1〉= 1√
2
(|+++〉+ |−−−〉)= 1√
2
(
1,0,0,0,0,0,0,1
)
⊺
,
|e2〉= 1√
2
(|+++〉− |−−−〉)= 1√
2
(
1,0,0,0,0,0,0,−1)⊺ ,
|e3〉= 1√
2
(|++−〉+ |−−+〉)= 1√
2
(
0,1,0,0,0,0,1,0
)
⊺
,
|e4〉= 1√
2
(|++−〉− |−−+〉)= 1√
2
(
0,1,0,0,0,0,−1,0)⊺ ,
|e5〉= 1√
2
(|+−+〉+ |−+−〉)= 1√
2
(
0,0,1,0,0,1,0,0
)
⊺
,
|e6〉= 1√
2
(|+−+〉− |−+−〉)= 1√
2
(
0,0,1,0,0,−1,0,0)⊺ ,
|e7〉= 1√
2
(|+−−〉+ |−++〉)= 1√
2
(
0,0,0,1,1,0,0,0
)
⊺
,
|e8〉= 1√
2
(|+−−〉− |−++〉)= 1√
2
(
0,0,0,1,−1,0,0,0)⊺ .
(11)
As these vectors are mutually orthogonal they form the quan-
tum mechanicalGHZ-context
Cq,GHZ = {|e1〉, |e2〉, |e3〉, |e4〉, |e5〉, |e6〉, |e7〉, |e8〉}. (12)
The eigenvalues associted with the eigenvectors for differ-
ent contexts differ from each other but are highly degener-
ate (repeated): four eigenvectors are associated with the same
eigenvalues +1 and −1, with multiplicities equal to four, re-
spectively. Table I enumerates these degenarcies.
By contemplating this tabellation it is not too difficult to
acknowledge that all eight eigenstates (11) as well as all co-
herent superpositions thereof
|ΨGHZ〉= α1√
2
(|+++〉+ |−−−〉)
+
α2√
2
(|+++〉− |−−−〉)
+
α3√
2
(|++−〉+ |−−+〉)
+
α4√
2
(|++−〉− |−−+〉)
+
α5√
2
(|+−+〉+ |−+−〉)
+
α6√
2
(|+−+〉− |−+−〉)
+
α7√
2
(|+−−〉+ |−++〉)
+
α8√
2
(|+−−〉− |−++〉)
=
1√
2
(
α1+α2,α3+α4,α5+α6,α7+α8,
α7−α8,α5−α6,α3−α4,α1−α2
)
⊺
,
(13)
with ∑8i=1 |αi|2 = 1, in particular,
|ΨGHZ〉= 1√
2
(|+++〉− |−−−〉)
=
1√
2
(
1,0,0,0,0,0,0,−1
)
⊺
,
(14)
produce the desired predictions which are in discord with the
classical prediction (5) [6, Appendix].
What happened to the four classical contexts? They seem
to have “collapsed” into a single quantum context, depicted
in Figure 2a). The quantum GHZ argument never “leaves”
this context; all entities associated with it can be expressed in
terms of the single quantum GHZ context. Indeed, this single
context, whose atomic propositions have a faithful orthogonal
representation [26–29] enumerated in Eq. (11), is “viewed”
from different projective angles by the four contexts enumer-
ated in Eq. (8). This amounts to a state partitioning or fil-
ters [30–32].
Another, algebraic, way of seing this is in terms of the
mutual commutativity of the four operators σyσyσx, σyσxσy,
σxσyσy, and σxσxσx in Eq. (8), which thus can be written
as real-valued functions of a maximal operator [11, § 84,
p. 171,172]
R=
8
∑
i=1
λi|ei〉〈ei|, (15)
with mutually different λi and |ei〉 defined in Eq. (11). As can
be readily read off from Table I, and with fyyx(R) = σyσyσx,
4|+++〉
+|−−−〉
|+++〉
−|−−−〉
|++−〉
+|−−+〉
|++−〉
−|−−+〉
|+−+〉
+|−+−〉
|+−+〉
−|−+−〉
|+−−〉
+|−++〉
|+−−〉
−|−++〉
(a)
|++〉+ |−−〉
|+−〉−|−+〉
|++〉− |−−〉
|+−〉+ |−+〉
(b)
FIG. 2. Hypergraphs representing (a) the single quantum mechani-
cal GHZ context, and (b) the single context associated with eigen-
states of σyσy (light gray indicates positive eigenvalues, the respec-
tive states are fixed points).
fyxy(R) = σyσxσy, fxyy(R) = σxσyσy, and fxxx(R) = σxσxσx
these four functions need to obey − fyyx(λ1) = fyyx(λ2) =
− fyyx(λ3) = fyyx(λ4) = fyyx(λ5) = − fyyx(λ6) = fyyx(λ7) =
− fyyx(λ8) = − fyxy(λ1) = fyxy(λ2) = fyxy(λ3) = − fyxy(λ4) =
− fyxy(λ5) = fyxy(λ6) = fyxy(λ7) = − fyxy(λ8) = − fxyy(λ1) =
fxyy(λ2) = fxyy(λ3) = − fxyy(λ4) = fxyy(λ5) = − fxyy(λ6) =
− fxyy(λ7) = fxyy(λ8) = fxxx(λ1) = − fxxx(λ2) = fxxx(λ3) =
− fxxx(λ4) = fxxx(λ5) = − fxxx(λ6) = fxxx(λ7) = − fxxx(λ8) =
1.
It might not be too unreasonable to raise a concern, as this
sort of operator-based argument seems very closely related to
spectral decompositions of quantum observables. Consider,
for the sake of demonstration, a concrete operator such as
σzσz, which is the product of two single particle operators σz
in a configuration of two spin- 1
2
particles. Obviously it can be
represented by a diagonal matrix σzσz = diag
(
1,−1,−1,1
)
.
Its eigensystem can be directly read off from this representa-
tion: it has two eigenvalues −1 with associated eigenvectors
|+−〉 =
(
0,1,0,0
)
as well as |−+〉 =
(
0,0,1,0
)
, and +1
associated with the twoeigen vectors |++〉 =
(
1,0,0,0
)
as
well as | −−〉 =
(
0,0,0,1
)
, respectively. (Here also only a
single context is involved.) Thus there should be no issues
“explaining” the eigenvalues of σzσz from the single-particle
eigenvalues. However to reach a discord with classical predic-
tions, for those two cases with negative eigenvalue, one could
claim that they classically are represented by the square of a
value of the corresponding classical observable – a square of a
real number that should never be negative. One of the reasons
this could happen is that the quantummechanical expectations
are “vector-based” rather than “scalar based”. There is a fur-
ther difference with the GHZ argument: not all atomic propo-
sitions of this reduced context render such a contradiction; but
only half of them.
One could hold that this example is inconclusive and even
improper, as it maps single particle eigenvalues into the fi-
nal eigenvalues. However, this comprehension might be chal-
lenged by considering other, scrambled, non-local operators,
such as σxσx or σyσy which have nonclassical, entangled
eigenstates. σyσy, for example, has a spectral decomposition
consistent with a context depicted in Figure 2b): two eigen-
values ±1. In particular, the observable−1 is associated with
the two eigenvectors |++〉+ |−−〉=
(
1,0,0,1
)
as well as
|+−〉− |−+〉=
(
0,1,−1,0
)
. The eigenvalue+1 is associ-
ated with the two eigenvectors |++〉−|−−〉=
(
1,0,0,−1
)
as well as |+−〉+ | −+〉 =
(
0,1,1,0
)
. Note that, because
the information encoded in the state is solely relational [33–
36], in this (extreme) entangled regime, single particle ob-
servables have no definite meaning whatsoever. Therefore it
makes no sense to try to compose or conceptualize joint ex-
pectations σyσy in terms of (value indefinite) single-particle
observables σy.
Nevertheless, I am quite certain that most experts would
not agree with the conclusion that the GHZ argument is not
different from stating that, for pre-selected entangled particle
pairs states the expectation of an observable U2 can be nega-
tive all the time, although the single-particle expectation value
of its constituentsU is a real number. In this line of the query,
the question remains: why should we not consider a quantum
configuration involving such “bare” negative products of ob-
servables, even without their “dressing up” with “supporting”
co-observables and contexts such as in (8), as substantial?
The GHZ operator based argument differs from the KS ar-
gument also in its fairly simplistic geometric and algebraic
structure involving only a single context instead of a collec-
tion of intertwining contexts. Indeed, it might be considered
amazing how much empirical content can be gained from a
single context without intertwining it with others.
Another difference comes from the fact that its predictions
are obtained in terms of multiplying nonvanishing values in
{−1,+1} of the experimental outcomes instead of working
with a dispersionless {0,1} two-valued state which includes
the value 0. Taking non-vanishing values {−1,+1} preserves
much more information and structure about the joint observ-
ables than in the {0,1} case. Because while it is true that,
for a single two-state particle any {−1,+1}-observableA can
be considered an affine transformation of s two-valued state
s ∈ {0,1} by A = 2s− 1, and there is no loss of informa-
tion due to this linear transformation, this is in general not
true in the multi-partite situation; in particular, with three par-
ticles involved: whereas in the {0,1} case all products van-
ish except in the case for which the outcome is 1 on all three
particles simultaneously, the products of possible {−1,+1}
cases show a much more balanced partitioning: parity dic-
tates that there is an equidistribution (50:50) of joint nega-
tive and positive outcomes. Formally, in terms of entropy, the
{0,1} case results in H{0,1}3 = − 18 log2 18 − 78 log2 78 ≈ 0.54
as compared to the {−1,+1} case which yields H{−1,+1}3 =
− 1
2
log2
1
2
− 1
2
log2
1
2
= 1. Therefore, the latter three-partite
{−1,+1} outcome case results in an average rate of “infor-
mation” inherent in the variable’s possible outcomes which is
almost twice as high as in the {0,1} case. So, as can be ex-
5pected, by translating admissibility criteria (such as exclusiv-
ity and completeness) from the two-valued case into the oper-
ator eigenvalue case, it is always possible [25, 37] to rephrase
a KS argument in terms of an operator based argument: one
could doing this would be by essentially mapping the value
1 onto some non-vanishing eigenvalue, and 0 to another non-
vanishing eigenvalue different from the first. The inverse task
is more subtle, if possible at all.
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